The statistical properties of the paralinear and LogDet distances under nonstationary nucleotide frequencies were studied. First, we developed formulas for correct_ing the estimation biases of the parahnear and LogDet distances, i.e., the bias-corrected distance is estimated by d, = d -2var(d), where d and var(d) are the estimated distance and sampling variance, respectively. The performances of these formulas and the formulas for sampling variances were examined by computer simulation. Second, we developed a method for estimating the variance-covariance matrix of paralinear distances, so that statistical tests of DNA phylogenies can be conducted in the nonstationary case. Third, a new LogDet-based method for testing the molecular clock hypothesis was developed under nonstationary nucleotide frequencies.
Introduction
The stationarity of nucleotide frequencies is one of the most common assumptions made in estimating evolutionary distances (see Lanave et al. 1984; Zharkikh 1994; Gu and Li 1996) . It assumes that the expectations of nucleotide frequencies in a sequence do not change with time and are equal to those in the ancestral sequence. Therefore, to estimate the distance between two sequences, the nucleotide frequencies in the ancestral sequence are estimated by the averages of the nucleotide frequencies in the two extant sequences. If nucleotide frequencies vary with time so that stationarity does not hold, the estimated distance may not be accurate. As a consequence, a distance-matrix method for phylogeny reconstruction can be misleading, i.e., it tends to group sequences of similar nucleotide frequencies irrespective of the true evolutionary relationships (Hasegawa and Hashimoto 1993; Sogin, Hinkle, and Leipe 1993; Steel 1994) . In addition, nonstationary nucleotide frequencies can affect the statistical testing of a molecular clock.
The paralinear (Lake 1994) and LogDet (Steel 1994; Lockhart et al. 1994 ) distances have been proposed to deal with the nonstationarity problem. They are based on the most general model of nucleotide substitutions, and the additivity of the paralinear distance holds under nonstationarity.
Historically, these methods can be traced back to Barry and Hartingan (1987) and Cavender and Felseinstein (1987) . The purpose of this paper is to study the statistical properties of the paralinear and LogDet distances, especially with respect to the following problems. First, our preliminary computer simulation indicated that these methods give biased estimates when sequences are not long. We shall develop methods for correcting the bias. Second, we will derive the variance-covariance matrices of paralinear distances, so that some statistical tests of DNA phylogenies can be applied. Third, we will devel-op a new method for testing molecular nonstationary nucleotide frequencies.
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The Paralinear and LogDet Distances
Consider two sequences (denoted by 1 and 2, respectively) that evolved from 0, their common ancestor, t time units ago (see fig. 1 ). We denote the diagonal matrix of nucleotide frequencies in sequence k (k = 0, 1, 2) by F@) = diag( f',"< f$'), f$'), fp$ where the subscript j refers to nucleotide j (j = 1, . . . , 4 for A, G, T, and C, respectively).
Let J be the data matrix whose zj-th element Jo is the proportion of sites at which the nucleotide is i in sequence 1 and j in sequence 2. Then, the paralinear distance (between sequences 1 and 2) is defined as
where In denotes the natural logarithm, det means the determinant of a matrix, and det[F@)] = II?=, fi"', k = 1,2 (Lake 1994) . A related measure is the LogDet distance (Steel 1994; Lockhart et al. 1994) , which is defined as
In equation (2), we added the constant -In 4, which does not change any property of the original LogDet distance but makes the biological interpretation of equation (2) easier (see further discussion below).
By using the delta method (Barry and Hartigan 1987) , the sampling variance of the paralinear distance (eq. 1) is found to be
where L is the sequence length and Mii is the ij-th element of M = J-l. Note that, when the nucleotide frequencies are stationary, i.e., no) = f$') = fl') for i = 1, . . . , 4, equation (3) reduces to the formula given by Barry and Hartigan (1987) . The sampling variance of the LogDet distance (eq. 2) is given by =W) (Lockhart et al. 1994) . Assume that nucleotide substitution follows a Markov process, which can be characterized by a rate matrix R (Barry and Hartigan 1987; Zharkikh 1994) . The ij-th element of R, rii, is the substitution rate per unit time from nucleotide i to j, i # j (i, j = 1, 2 3, 4), and the diagonal elements are given by rii = -I& rii. Then, the matrix of transition probabilities for t time units is given by P(t) = eRr.
The paralinear and LogDet distances are potentially very useful in the study of DNA evolution because they have the following properties:
1.
2.
3.
4.
Both distances are based on the most general model of nucleotide substitution, i.e., the 12-parameter model (Lake 1994; Steel 1994; Lockhart et al. 1994; Zharkikh 1994 ). Moreover, they are valid even if the rate matrix R varies along and among lineages. Under the assumption of the same substitution rate among sites, the paralinear and LogDet distances are very useful for phylogenetic reconstruction when nucleotide frequencies are nonstationary. As will be shown in the appendix, for some distance matrix methods of phylogenetic reconstruction, e.g., the neighbor-joining method (Saitou and Nei 1987) , the LogDet distance (eq. 2) and the paralinear distance (eq. 1) lead to the same tree topology. The branch lengths can be estimated in terms of paralinear distances, so that many statistical tests of DNA phylogenies (see Li and Zharkikh 1995 for a review) are applicable. On the other hand, the LogDet distance is useful for testing the molecular clock hypothesis under nonstationary frequencies (see further discussion below). The biological interpretation of the two distances can be described as follows (Eqs. 7 and 8).
For two DNA sequences (1 and 2) that diverged from the ancestral sequence t time units ago ( fig. l) , let R(l) = [41)] and Rc2) = [e;)] be the rate matrix in lineages 1 and 2, respectively. Note that R(l) and Rc2) can be different. It can be shown (e.g., Zharkikh 1994) that
where P(l) = eRcl)t and fi2) = eRc2)t are the transition probability matrices from node 0 to node 1 and node 2, respectively; ' means transpose; and F(O) is the diagonal matrix of nucleotide frequencies at the ancestral node 0.
Let b@) = -Xf='=, r$V4 be the arithmetic mean rate in lineage k, (k = 1, 2). Barry and Hartigan (1987) and Zharkikh (1994) showed that
From equation (5) 
I 1 where p, = (p(l) + p,c2))/2 is the mean rate over the two lineages andfik) is the frequency of nucleotide i at node k, (i = 1, . . . . 4 and k = 0, 1, 2). Since both distance measures depend on nucleotide frequencies, they are not linear in time t if the nucleotide frequencies change with time. However, if the nucleotide frequencies are stationary and equal to l/4, i.e., f(O) = f!') = f!2) = l/4 the paralinear and LogDet distances se equal to K ='2p,t, the number of substitutions per site (Lake 1994; Lockhart et al. 1994; Zharkikh 1994 ).
Bias-Corrected
Paralinear and LogDet Distances The estimation procedure for the paralinear and LogDet distances is straightforward:
The matrix J and the nucleotide frequencies can be directly estimated from the sequence data and then the distances can be estimated from equations (1) and (2) (Lake 1994; Lockhart et al. 1994) . However, our preliminary simulation showed that both distances are on average overestimated when the sequences are short (see further discussion below). As the sequence length becomes longer than 2,000 bp, the estimation bias becomes trivial. Since for many cases in practice the sequence length is shorter than 2,000 bp, it is useful to develop a method for correcting the estimation bias. Related work, although by a different approach, on the bias of the LogDet distance has been done by Bar-Hen and Penny (1996) .
Assume that random variables Jti follow a multinomial distribution with parameters E[JG] = jij (i, j = 1 4). Let Jii be the estimate of Jii from sequence data: *The matrix forms of Jlj's, -?ij's, and jV's are J, 3, and J, respectively. Let Vu be the sampling variance of Ju and COV~,~~ be the covariance between Jij and Jkl. Under the assumption of a multinomial distribution, we have
where L is the sequence length.
Consider the LogDet distance first. To simplify our notation, define the function g as g(J) = -log det(J). Then, the LogDet distance (eq. 2) can be-written as d It is not easy to compute the constants bii.kls However, since the third term in the right-hand side of equation ( 17) is generally small, equation (17) can be approximated by
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Let 2 and vat@) be the estimates of the LogDet distance (eq. 2) and the sampling variance (eq. 4), respectively. Then, from equation (18), the bias-corrected LogDet distance d, can be estimated by
For the paralinear distance, equation (1) can be written as d = g(J)/4 -g(F(1)F(2))/8; the second term is treated as a constant. Thus, similar to the derivation of equations (10) to (18), we can show that the biascorrected paralinear distance is also estimated by equation (19), where d and var(d) are obtained from equation (1) and equation (3), respectively.
Note that equation (19) is only approximate for correcting the estimation bias. Therefore, its performance will be examined by computer simulation (see further discussion below).
The Variance-Covariance Matrix of Paralinear Distances
Statistical testing of a phylogenetic hypothesis (Nei, Stephens, and Saitou 1985; Bulmer 1991; Rzhetsky and Nei 1992; Gu and Li 1996) or a molecular clock (Wu and Li 1985) based on distance-matrix methods requires the variance+ovariance matrix of distances. When the paralinear distance is used, the variance of a distance can be computed by equation (3) and the covariance between two distances can be computed as follows.
Similar to above, let gckl) = -In det [Jcko] , where Jcko is the data matrix of distance kl (e.g., k = 1, 1 = 2 means the distance between sequences 1 and 2). Let J$o be the zj-th element of Jcko. According to the matrix theory, we have
(J where My) is the ij-th element of matrix Mckl), which is the inverse of matrix Jck').
To compute the covariance between two distances, we need to distinguish between two situations: (1) three sequences (denoted by 1, 2, and 3) are involved, e.g., the covariance between d13 and d23; and (2) four sequences (denoted by 1, . . . , 4) are involved, e.g., the covariance between d12 and d34. By the delta method, the covariance for the first situation is given by 
LetAjk be the frequency of sites at which the nucleotides in sequences 1, 2, and 3 are i, j, and k, respectively. Under the assumption of a multinomial distribution, it can be shown that cov(Jy), Jy) = Therefore, the covariance $Ljk -Jy' Jji3').
( 22) between di2 and dz3 for the _ _ first situation can be estimated by (23) For the second situation, let Ajkl be the frequency of sites at which the nucleotides in sequences 1, 2, 3, and 4 are i, j, k, and I, respectively. The covariance between d12 and d34 is given by (24)
Statistical Tests of a Molecular Clock Under Nonstationarity
The relative rate test of rate constancy (i.e., a molecular clock) (Wu and Li 1985) can be described as follows. Consider three species as shown in figure 2, where species 3 is an outgroup. To test whether the evolutionary rate in lineage 01 is the same as that in lineage 02 (i.e., the molecular clock hypothesis), one needs to test whether the difference D = d13 -d23 is significantly different from zero. When the nucleotide frequencies are nonstationary, dq may be measured by the paralinear or LogDet distance. As can be seen from equations (7) and (8), both distances have two components: 2k.t and a term involving nucleotide frequencies.
A test of equal rates under the nonstationary situation can be regarded as a test of the difference in p,t between the two lineages. We show that the LogDet distance is suitable for this purpose. Let p,@) (i = 1, 2, 3) be the (arithmetic) mean of substitution rates in lineage i, let t be the divergent time between species 1 and 2, and let T be the divergent time between species 1 (or 2) and 3 (see fig. 2 ). From equation (8), we can write d13 as d13 = pW + pc3)(2T -t) -Z$ ,(ln ftR) -In 4)/4 and d23 as d23 = it + kc3)(2T -t) -%$i (In f') -In 4)/4, where fJ!R) is the frequency of nucleotide j at root R. Therefore, we have
That is, the difference between d13 and d23 is due to the rate difference between lineages 01 and 02. Thus, based on equation (25), we can construct a new relative rate test of the molecular clock hypothesis. However, if dil is measured by the paralinear distance, then D' = d13 -d23 is given by
i=l which is not suitable because it does not distinguish between the rate difference and the nucleotide frequency difference.
To test whether D is significantly different from zero, one needs to estimate the sampling variance of D, which is given by
where V (d,,) and V(d,,) can be estimated by equation (4), and cov (d,,, d23) can be estimated by equation (23).
By putting them together, we have
The statistic 2 = D/m can be computed. When the sequence is long, 2 follows approximately the standard normal distribution, and the standard normal test can be used to determine the significance level (Wu and Li 1985) .
Simulation
We use computer simulation to study the performances of the bias-corrected paralinear and LogDet distances (eq. 19). Denote nucleotides A, G, T, and C by 1, 2, 3, and 4, respectively. In the following, we use (fi, f2, f3, f4) to denote the nucleotide frequencies at a particular node. In the case of two-lineage evolution ( fig.  l) , we set the divergence parameter 2~1 (see eqs. 7 and 8 for definition) equal to 0.2, 0.5, or 0.8, and the sequence length equal to L = 200, 500, or 2,000 nucleotides. Two models of nucleotide substitution are used for simulation; the first model (TR) is time reversible and the second (NR) is time irreversible. The rate matrices R of TR and NR are as follows (the scale is arbitrary):
( In the case of two lineages ( fig. l) , if the initial nucleotide frequencies (f(O)) and the substitution model in each lineage (R(l), Rc2)) are given, the sequence evolution can be simulated. We studied five cases (table 1) . Case 1 assumes that the model of nucleotide substitution is TR in both lineages and the initial frequencies of nucleotides are at equilibrium, i.e., the model is stationary. In case 2, the substitution models in both lineages are the same (the NR model) but the initial frequencies are set to be (0.4, 0.2, 0.3, 0. l), which are not stationary. In cases 3, 4, and 5, nucleotide substitutions follow the TR model in lineage 1 but the NR model in lineage 2. As a result, the equilibrium GC contents in the two lineages are very different: GC% = 70% in lineage 1 and GC% = 17% in lineage 2. The differences among cases 3, 4, and 5 are the initial nucleotide frequencies. In case 3, the initial nucleotide frequencies are even: GC% = 50% and fc") = (0.25, 0.25, 0.25, 0.25). In case 4, the initial nucleotide composition is GC% = 70% and fc") = (0.4, 0.2, 0.3, 0.1). In case 5, the initial nucleotide composition is GC% = 15% and fc") = (0.45,0.10,0.40, 0.05).
For each case, _the true values of the paralinear and LogDet distances (d) are computed from equations (7) and (8), respectively. We also use simulation to examine these values by increasing the sequence length L from 200 to 10,000. For L = 10,000, the simulation results are essentially equal to the theoretical values from equations (7) and (8) (d,) . For example, in the case of 2pt = 0.5, the bias of the paralinear distance is on average reduced from 0.016 to 0.004 when L = 200, and reduced from 0.006 to 0.002 when L = 500. Of course, when ,L = 2,000, the estimation bias becomes trivial so that dc = d = Cz for all cases. Table 3 shows the performance of the bias-corrected LogDet distance; \he notations are the same as in tableA 2 except that d is estimated by -equation (2), var(d) is estimated by equation (4), and d is computed by equation (8). The performance of the bias-corrected LogDet distance is similar to that of the bias-corrected paralinear distance shown in table 2.
The percentage values presented in the parentheses in tables 2 and 3 were the average biases of the estimate dc or d. In the case of the paralinear distance with sequence length 200, bp, the average biases of the uncorrected estimates (d) were about 2%, 3.5%, and 5% for 2Ft = 0.2, 0.5, and 0.8, respectively, but they were reduced, on average, to 0.4%, 0.6%, and 2%, respectively, by the bias-corrected method (table 2) . For the LogDet distance with L = 200 bp, the average biases of the uncorrected estimates were about 5%, 4%, and 5% for 2kt = 0.2, 0.5, and 0.8, respectively, but were reduced to, on average, l%, 0.5%, and l%, respectively, by the bias-corrected method. It is clear that, when the sequence length is short, the estimation bias can be effectively corrected by equation (19) .
The mean of standard errors computed by equation (3) or equation (4) is presented in parentheses in tables 2 and 3. The standard error estimated by equation (3) or equation (4) is quite close to the observed one in most cases. However, when the sequences are short (e.g., L = 200) and the distance is large (2pt L 0.8), the sampling variance could be overestimated.
We have examined many cases with L 2 200 and 2p I 0.8 and found that the estimated sampling variances for the paralinear and LogDet distances are accurate. NOTE.-L is the sequence length; (i is the true value of the pamlinear distance; & -+ SE is the mean and standard error of d estimated by the bias-corrected paralinear method (the mean of estimated standard error is given in parentheses); and (i is the mean of the d estimated by the method without bias-correction. The percentage values presented in parentheses are the biases of corrected (&) and uncorrected (2) paralinear estimates, respectively. For each case, the number of replications is 1,000. The simulation models are given in table 1.
In conclusion, when nucleotide frequencies vary among sequences, the paralinear and LogDet distances are suitable. When the sequence length is short, the biascorrected paralinear or LogDet distance is recommended.
Discussion
The main results of our paper can be summarized as follows. (1) Formulas for correcting the estimation biases of the paralinear and LogDet distances were developed and shown by simulation to perform well. (2) The sampling variance for the paralinear distance was developed and examined by simulation.
(3) A method for estimating the variance-covariance matrix of paralinear distances was developed, so that statistical tests of phylogenies can be conducted under nonstationary nucleotide frequencies. (4) A new method for testing the molecular clock hypothesis was developed under nonstationary nucleotide frequencies.
Although our method for correcting the estimation bias (equation 19) is simple and efficient, there are two factors that can affect accuracy: (1) equation (18) is ap- proximate so that the bias may not be completely corrected; and (2) when the sequences are short and very divergent, the bias can be overcorrected. Fortunately, the two biases cancel each other to some extent. Indeed, our examination of many cases with L 1 200 and 2l.~t I 0.8 showed that the correction performs well. However, in extreme cases such as 2l~t = 1.0 and L = 100, we found that the distances were overcorrected, mainly due to overestimation of the sampling variance of d. In general, as the divergence between two sequences (2l~t) increases, the sequence length required for accurate correction also increases. For example, if 2p,t 5 0.5, the corrected estimate is significantly better than that of uncorrected if L > 100, while if 2p,t = 1.0, the required length L needs to be 500 or larger.
The pamlinear and LogDet distances were developed for phylogenetic inference when nucleotide frequencies are nonstationary.
The performance of phylogenetic reconstruction can be improved by our new method for correcting the estimation bias when the sequences are short.
There are several analytical methods for testing DNA phylogenies (e.g., Nei, Stephens, and Saitou 1985; Bulmer 1991; Rzhetsky and Nei 1992) . In the following, we use the minimum-evolution (ME) criterion (Rzhetsky and Nei 1992) as an example to show how to apply our variance~ovariance matrix. Under the ME criterion, tree A is significantly better than tree B if the (estimated) total branch length (S,) for tree A is significantly smaller than that (S,) for tree B. For example, in the case of four sequences ( fig. 3) , it can be shown that DBA = S, -S, is equal to
where do is the paralinear distance between sequences i and j. To test whether D is significantly larger than zero, we need to calculate the 2 score, 2 = D/m, which approximately follows a normal distribution. From equation (29) (21) and (22). Therefore, the method developed in this paper for estimating the variance~ovariance matrix of paralinear distances makes it possible to apply the ME criterion under nonstationary nucleotide frequencies. If the nucleotide frequencies vary considerably among sequences, current methods for testing a molecular clock (e.g., Wu and Li 1985; Gu and Li 1992) may not be suitable because the observed differences may be due to changes in nucleotide frequencies. Our test based on the LogDet distance is more suitable in this case because it is not affected by changes in nucleotide composition.
In principle, our new method can be easily extended to more complex models where the dimension of the rate matrix R is more than 4 (Lake 1994; Lockhart et al. 1994) . Two interesting examples are the amino-acidbased model (a general 20 X 20 rate matrix) (Dayhoff, Schwartz, and Orcutt 1978) and the codon-based model (a general 6 1 X 6 1 rate matrix) (Goldman and Yang 1994; Muse and Gaut 1994) . However, our preliminary simulation showed that, even for the amino-acid-based model, the paralinear and LogDet distances are subject to large sampling variances unless the sequence is very long, say, longer than 2,000 amino acids; the sampling variance would be much larger for the codon-based model; Indeed, because there are too many unknown parameters, the distance cannot be estimated accurately. Thus, one should be cautious when applying our biascorrected methods to analyze amino acid sequence data.
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APPENDIX
Some Properties of the Paralinear and LogDet Distances for Phylogenetic Inference
Denote the joint-probability matrix of nodes i and j by J(g), whose kl-th element is the probability that the nucleotide is k at node i and 1 at node j. Note that, if both nodes i and j are external (i.e, representing sequences i and j), J(g) is also called the data matrix (see eqs. 1 and 3) . If the evolution is from node i to node j, we have J(g) = F(') P(u), where p<g) is the transition probability matrix from node i to node j and F(') is the diagonal matrix of nucleotide frequencies at node i. How- phylogenetic trees used for studying the four-point ever, if the commom ancestor of nodes i and j is node 0, the relationship is different: J(o) = P(Oi)'F(0)P(Oi) (see also eq. 5). First, we show that the additivity of the LogDet distance does not extend to internal nodes or branches. Consider the case that node k is between nodes i and j and the evolution is from node i to node k to node j. By equation (2) 
We will show that the four-point condition holds when dij's are paralinear distances, indicating that the two distance measures can reconstruct the correct tree. In the case of the LogDet distance, Steel (1994) conclusion by another approach.
Here we only show the first equation where Jc5@ = F(5)P(56). Let b56 be the (paralinear) branch length between nodes 5 and 6, which is nonnegative (Lake 1994) . Note that the right-hand side of equation (A.4) iS equal t0 2b56. Therefore, in this case, we have shown Q = 2b,, 2 0.
(A-5)
Similarly, for the tree in figure 4a , we have J(13) = (P(o5)P(5l))'F(o)P(o6,p(63,, J(24) = p(04)P (52) Therefore, in both cases ( fig. 4a and b) , Q Z-0. Finally, we show that the neighbor-joining (NJ) algorithm (Saitou and Nei 1987) In terms of the paralinear distance, the criterion of the NJ algorithm for choosing sequences 1 and 2 as neighbors is that S1,2 = O--2)dl2 -C (dli + d2J i=l (A.9) is the smallest among all Si,j, where r is the number of sequences (Studier and Keppler 1988) . Let S;,, be the NJ criterion in terms of the LogDet distance. Then, S 1.2 = s;,, -2 C Ai. i=l (A. 10) Thus, S1,2 and S;,, are equivalent because they differ only by the constant -2 x[=i Ai.
Without loss of generality, we assume that the first iteration of the NJ algorithm chooses sequences 1 and 2 as a pair of neighbors. So in the second iteration, the paralinear distance between the composite (1, 2) and sequence i, denoted by d (1,2) i, is computed by dc1,2)i = (dli + d2,)/2, and for the LogDet distance, d'(,,2,i = (d'li + d',J/2, SO that dcl,z)i = d'(l,z,i + Atl,2) + Ai, where A (1.21 = (A, + A2)/2. Therefore, by the same argument \-. , as in the first iteration, one can show that the same new pair of neighbors will be chosen regardless of whether ihe paralinear or the LogDet distance is used. Therefore, the paralinear and LogDet distances both give the same tree topology when the NJ method is used.
N&e that the gradual neighborliness algorithm (Fitch 1981 ) is equivalent to the NJ algorithm (Gascuel 1994) , and that the method of Sattath and Tversky (1977) is an application of the four-point condition. Therefore, the paralinear and LogDet distances should give the same Gee topology under these two methods.
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